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Gotay showed that a representation of the whole Poisson algebra of the torus given by 
geometric quantization is irreducible with respect to the most natural overcomplete set 
of observables. We study this representation and argue that it cannot be considered 
as physically acceptable. In particular, classically bounded observables are quantized 
by operators with unbounded spectrum. Effectively, the latter amounts to lifting the 
constraints that compactify both directions in the torus. 

1. Introduction 

There are still some open questions as to what is precisely meant by quantization of 
a general symplectic manifold. Two interconnected problems affect Dirac's original 
formulation: (a) which Poisson subalgebra should one choose to impose the Dirac 
quantum condition "Poisson bracket goes to commutator" ; (b) which extra condi- 
tions should be required in order to guarantee that the quantum representation is 
physically meaningful. 

Although no general result was ever proved, it is a common belief that a physi- 
cally acceptable quantization of the whole Poisson algebra cannot be found, for any 
symplectic manifold (see below). One way to circumvent the obstruction to a full 
quantization consists in looking for quantum representations of some convenient 
proper subalgebra S of the whole Poisson algebra. It is generally acknowledged 
that the subalgebra S to be quantized must be (kinematically) complete, in the 
sense that it should contain a complete set of classical observables. However, the 
precise definition of a complete set of classical observables B, B C S, is not so 
consensual. In Ref. 1, A. A. Kirillov defines a set of observables B to be complete 
if the only observables which (Poisson) commute with every element of B are the 
constant functions (this, in particular, means that the functions in B separate points 
locally almost everywhere on the phase space). A stronger condition (in the sense 
that it guarantees local separation of points everywhere) is required by M.J. Go- 
tay, H.B. Grundling and G.M. Tuynman, reading: the Hamiltonian vector fields 
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associated with the functions in B should generate the tangent space everywhere 
in phase spacen Notice that, as the authors acknowledge, none of the above two 
conditions guarantees global separation of points. The latter, we think, must be 
imposed in order to make sure that one is quantizing the initial phase space and 
not its quotient by the relations defined by considering two points equivalent if they 
are not separated by the functions in the set B. A similar strong notion of com- 
pleteness is favored by A. Ashtekar, which requires that the suhalgebra S should he 
"large enough" so that any (sufficiently regular) function on the phase space can he 
represented as (possihly a limit of) a sum of products of elements of Sa 

In order to avoid the appearance at the quantum level of spurious degrees of 
freedom, one imposes, in one way or another, irreducibility conditions on the quan- 
tum representations (see Ref. 2 for a discussion). Following Ref. 2 (see also Ref. 1), 
we will concentrate on an explicit irreducibility requirement: the quantum Hilbert 
space should he irreducihle with respect to the action of all operators representing a 
complete set of classical observahles. 

Many examples of representations of "large" Poisson subalgebras (possibly the 
whole algebra) which do not comply with irreducibility are known; for instance the 
so called prequantizations obtained through the methods of Geometric Quantization.EJ 
It is generally acknowledged that these examples are manifestations of a general ob- 
struction to quantization: the widely accepted "no-go conjecture" claims, in essence, 
that a physically relevant quantization of a full Poisson algebra is unattainable, due 
to the impossibility of satisfying simultaneously the Dirac quantum condition on 
the whole algebra and the irreducibility requirement. The first rigorous "no-go" re- 
sult goes back to the works of Groenewold and Van Hove (see Ref. 2 and references 
therein) and states that it is impossible to fulfill the Dirac quantum condition for 
the whole Poisson algebra on while keeping irreducibility on the level of the Pois- 
son subalgebra generated by q and p (the Heisenberg algebra h(2) = spa,n{l, q,p} 
of inhomogeneous degree one polynomials in q and p). This is the famous "no-go 
theorem" for (which is readily generalizable to R^"). Recently, similar no-go 
results also based on irreducibility were proven for the sphere and the cylinder 

The standard quantization procedure requires therefore the selection of a pre- 
ferred subalgebra S of classical observables. This special subalgebra must be com- 
plete and shoTild be such that irreducibility can be achieved. It is also assumed that 
the constant function 1 belongs to S and should he mapped to the identity operator 
(see Ref. 1 and Ref. 2). Clearly, no generality is lost in assuming that 1 G 5, for 
given a subalgebra S which does not contain 1, every acceptable quantization map 
can be extended just by assigning the identity operator to the function 1. Notice 
also that the above condition on the quantization of 1 is independent from irre- 
ducibility and is of a quite different nature. The "1 goes to 1" condition is required 
to enforce the correspondence between the classical value attained by the constant 
observable and its quantum spectrum. 

Unlike the above outlined conditions, when considering general observables there 
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seems to be no major agreement on the important subject of the relation between 
the classical range of values attained and the quantum spectrum of the observable. 
This is closely related with the issue of preservation of the classical multiplicative 
structure. Along with the Poisson structure, pointwise multiplication of observables 
is a fundamental aspect of the classical theory and one certainly would like to see 
it reflected at the quantum level. The question is to what extent should the multi- 
plicative structure be preserved upon quantization, given that the Poisson and the 
multiplicative structure are not fully compatible at the quantum level (see Ref. 2). 
Due to this fact, some authors take the point of view that quantization concerns 
the preservation of Poisson relations only, thus choosing not to impose a priori any 
further conditions on quantization (besides irreducibility and "1 goes to 1")J§ On 
the other hand, one can find in the literature explicit concern about the relations 
between the classical range (which we will call classical spectrum) and the quantum 
spectrum (Ref. 6) and also the requirement that relations among preferred classical 
observables coming from the multiplicative structure should be implemented in the 
quantum theory through appropriate anti-commutation relations (Ref. 3, Ref. 7). 

In our opinion, multiplicative algebraic relations among preferred classical ob- 
servables are fundamental and should be carried over to the quantum theory. Let 
us assume that a preferred Poisson subalgebra S of real valued classical observables 
has been chosen. Although S is, in general, not closed under multiplication, it still 
reflects the multiplicative structure and also the global topology of phase space. 
Let us consider first R . In this case, global, canonically conjugate, coordinates q 
and p exist and the algebra h(2) generated by these observables is complete. Of 
course, no relations can be found among the generators of h(2), since q and p are 
independent, linearly or otherwise. A different situation occurs if the Poisson sub- 
algebra span{l, q, q^,p,p'^} of polynomials of degree no greater than two in q and p 
is chosen. In this case, multiplication relates, for instance, q and g^, encoding the 
obvious fact that q^ is a positive valued observable whose values in every state are 
completely determined by the observed values of q. 

Whereas in (or R^") it is always possible to choose a complete Poisson subal- 
gebra which is free of relations, this is no longer the case when the phase space has 
a globally non-trivial topology. In the absence of a global chart, a set of everywhere 
defined functions which separates points is necessarily overcomplete, meaning that 
the number of functions in the set exceeds the dimensionality of the phase space. 
Clearly, the functions in a overcomplete set cannot be all independent and there- 
fore relations among them must appear. A standard example of this situation is 
provided by the cylinder T*S^, the phase space of a particle moving on a circle. 
Since the angular variable 9 on is not globally defined, the best one can do is 
to work with the functions sm9, cos 9 and p, where p is the conjugate momentum 
of 9. In general, the global non-triviality of the phase space will therefore manifest 
itself in every admissible preferred subalgebra S, in the form of a set of functional 
relations among elements of S. These relations carry crucial information about the 
interdependence of observables, their spectrum and the global aspects of the phase 
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space. 

In order to illustrate the problems that might occur if algebraic relations are 
neglected in the quantization process, let us consider first the above example of the 
algebra span{l, q, ,p,p^} in , which includes both q and q^ . Upon quantization, 
one then has two well defined commuting observables q and . Let us assume that 
q"^ is not equal to (g)^. Then it is possible that the operator q"^, the quantum analog 
of q^, is not positive, leading to states with negative expectation values. In contrast, 
even though (5)^ is a well defined operator which relates to q as expected, it is not 
clear what meaning should one assign to this operator, since the quantum analog 
of q^ was already determined. 

One can illustrate further the importance of algebraic relations by means of an 
example of a globally non-trivial phase space. Q'tD Consider again the phase space 
T*S^. A natural choice for S in this case would be the vector space spanned by the 
functions {I,sui0,cos9,p}. Suppose one is given an irreducible Lie-representation 
p oi S such that the relation 

(p(sin0))' + (p(cos0))' = 1 (1) 

does not hold. It is then clear that 9 looses its meaning as an angular variable, 
and that one runs into serious problems with the physical interpretation of the 
simultaneously measured values of p{sm9) and p(cos0). The natural thing to do is 
to demand (|^) to be satisfied (this condition is, of course, indeed satisfied in the usual 
quantization on L^(S'^, d^), where p — — i?i^ andsin^, cos act by multiplication) . 
This is the point of view taken in Ref. 3 and Ref. 7, where the authors propose the 
exact implementation in the quantum theory of algebraic relations among (Poisson) 
commuting elements of the special classical subalgebra S. Also proposed is the 
following natural rule to handle relations among non-commuting elements oi S: if 
Fi, F2, ■ ■ ■ F„i and G are elements of S such that F1F2 . . . Fm=G then one requires 
F(^i . . . Fjyi-^ = G to be satisfied for the corresponding quantum operators, where the 
bracket denotes symmetrization (this rule generalizes in the natural way to linear 
combinations of products) Jj-lI 

The above considerations indicate that one runs into serious ambiguities if rela- 
tions among classical observables included in the preferred subalgebra S are broken 
at the quantum level. In particular, if relations among Poisson commuting (unam- 
biguously quantized) classical observables are ignored, one allows the appearance 
of quantum operators whose spectrum bears no relation with the classical range, 
thus making the physical interpretation of the theory quite problematic. A well de- 
fined procedure to handle algebraic relations is therefore an important ingredient of 
quantization. An important physical example is provided by non-Abelian theories 
of connections with a compact gauge group, where the gauge invariant configuration 
space is a globally non-trivial infinite-dimensional manifold.HiJ In this case, a conve- 
nient (over) complete set of variables is provided by the Wilson loop variables, but 
one must deal with the algebraic relations among them (the so-called Mandelstam 
identities); this is just the price to pay for working with gauge invariant functions 
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(see Ref. 3 and rcfcrcnccs therein). 

A new question which arises in this framework consists in verifying the com- 
patibihty between the above rule to handle algebraic relations, on one hand, and 
the preservation of Poisson structure and irreducibility, on the other. Although 
this question seems to be a difficult one, in general, one might gain some insight 
through the analysis of simple cases. Consider again R'^, and choose S to be the 
Poisson subalgebra of polynomials of degree no greater than two in q and p. It is 
a trivial matter to verify that the Schrodinger quantization of h(2) extends to this 
new algebra by the following new assignments: 

? = q\ #=-i%^ + l/2), p^ = -%^^. 

Since this is an extension of the representation of h(2), irreducibility is guaranteed. 
On the other hand, it is clear that = (q)^, = (p)^ and 2 qp = qp + pq. Thus, 
in this particular case, one finds no incompatibility. The same happens with the 
extension of the Schrodinger representation of h(2) to the subalgebra of C°°(M^) 
which is made of inhomogeneous degree one polynomials in p, with arbitrary func- 
tions of q as coefficients. Also, for T*S^, the above mentioned quantization of 
span{l, sin 0, cos is extendible to functions linear in p in a similar fashion, 
again fulfilling both the irreducibility and preservation of functional relations re- 
quirements (see Ref. 2 for a detailed discussion of these quantizations, as well as 
obstructions to further extension). A less trivial and very interesting case is pro- 
vided by the sphere S"^. Since the area has the same dimensions as the Planck 
constant h, one can write the canonical area form uj on 5^ as 

UJ = {Kh/Air) sin OdOdct) , 

where 0, (j) are the usual angular variables and _ftr is a dimensionless constant which 
determines the total area. The linearly independent functions 

fi=K/2 sin6»cos(/), f2^K/2 sin 61 sin 0, fs.^K/2 cos 6* 

obviously separate points and are closed under the Poisson bracket: 

{fiJj} = ^^ijkfk- (2) 

The linear space spanned by /i, /2, /a and the constant function 1 is thus a natural 
choice for the special subalgebra S. One has, of course, the following relation among 
elements of <S: 

J2f!-{K/2f=0. (3) 

i 

A quantization of S is given by a representation of su{2). The irreducible rep- 
resentations of S are thus well known, indexed by integers or half- integers j, and 
satisfy 

+ 1)1 = 0- (4) 
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Equation ^ strongly resembles (^), thus suggesting that (^) should be properly 
interpreted as the quantum counterpart of (^. Suppose first one ignores (^), thus 
requiring irreducibility only as an extra condition on quantization. One then gets 
a countable family of equally good candidates to the quantum theory associated 
with the sphere of area Kh. Uniqueness is obviously not achieved. It is only when 
one demands further the preservation of relation that a unique representation 
is selected. Clearly, the relation (j^) can only be exactly preserved for those values 
of K which equal ^2j(2j + 2) for some integer or half-integer j. Thus, the point of 
view of exact implementation of functional relations leads to the conclusion that a 
proper quantum theory for the sphere can only be defined for a discrete set of values 
of the area. This "quantization" of the area should not come as a surprise: it is 
known that is the reduced phase space associated with a system of two identical 
uncoupled harmonic oscillators constrained to have a definite value of the total 
energy. Since, from standard Quantum Mechanics, the allowed values of the energy 
of such a system form a discrete set, one immediately obtains the quantization of 
the area, because the area of the sphere is determined by the value of energy (see 
Ref. 7 for a quantization of the sphere along these lines). 

In the above examples it was possible to preserve the functional relations within 
the special subalgebra 5 in a way which was not incompatible with the irreducibil- 
ity requirement. In the case of the sphere, although the irreducible representations 
automatically fulfill a relation similar to the classical one, the explicit requirement 
of exact matching is necessary to obtain a unique quantization. The additional con- 
dition selects from among the set of all irreducible representations the one with the 
dimensionality corresponding to the given area of the classical phase space. In par- 
ticular, one can see that the spectrum of the quantum operators fi becomes a subset 
of the range of the corresponding classical observables. Notice also that for large 
quantum numbers j the relation between area of phase space and dimensionality 
of Hilbert space is just what one might expect from semi-classical arguments, since 
both dimensionality and the ratio of the area to the Planck constant h approach 
the integer 2j. 

2. The Torus 

Recently M.J. Gotay et al. reexamined the concept of quantization and looked 
for obstructions of the Groenewold-Van Hove type for manifolds other than M^". 
Their work is presented in a series of papers which, besides formulating a general 
"no-go theorem" , aims at givina. a^mecise meaning to quantization and finding 
maximal quantizable algebras .aQiJ^t30 Their definition of quantization starts with 
prequantization: modulo technicalities regarding domains of operators, prequanti- 
zation is a linear map from some Poisson subalgebra (possibly the whole algebra) 
to self-adjoint operators such that the "Poisson bracket goes to commutator" rule 
is satisfied and the constant function 1 is mapped to the identity operator. To pass 
from a prequantization to a quantization in a general case, the authors of Ref. 2 
propose an approach based on the Poisson structure and on irreducibility only: no 
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relations among observables coming from the multiplicative algebra structure are 
imposed a priori. They look for a (minimal) "basic" set carrying the kinematical 
information and demand this set to be irreducibly represented. 

As a result of their work, Gotay et al. proposed a weaker than expected "no-go 
theorem" , on account of a new result which the authors interpreted as a genuine full 
quantization.Hiij The authors proved the^ existence of obstructions to quantization 
for the sphere S'^ and the cylinder T*S^ These results points in the same direction 
as Groenewold and Van Hove's and thus could be considered as further evidence 
in favor of a strong "no-go theorem" . However, the authors found no obstruction 
to the quantization of the torus T^. In fact, it was shown that a prequantization 
of the whole Poisson algebra of the torus produced via geometric quantization (see 
Ref. 1) is in fact a quantization in the sense defined in Ref. 2 and outlined above, 
meaning that a basic set is irreducibly reprfisented. Thus, a quantization of the 
whole Poisson algebra of the torus is claimed.Bll3 Although the proven irreducibility 
is an interesting result, we disagree that the full prequantization of can be 
considered a physically acceptable quantization of the torus. We discuss this point 
next, starting with a brief review of the results presented in Ref. 10 (in what follows 
h is Planck's constant and N a non-zero integer). 

One realizes the torus of area Nh as /I? with symplectic form 

cj„ = Nhdx A dy (5) 

and identifies the Poisson algebra C°°(T'^) with the periodic C°°-functions / on 

f{x + m,y + n) = f[x, y), \/ m,n E 1,. 

The prequantum Hilbert space is given by the rules of geometric quantization; it 
is made of sections of a complex line bundle over T^. In Ref. 1 it is shown that 
the prequantum Hilbert space can be realized as the completion of the space P^r of 
complex C°°-functions on satisfying 

(/)(x + m,?/-t-n) = e2'''^™^(/)(x,?/), Vm,neZ, (6) 

with inner product 

< 0,0' >= / dxdy (fx/)' . 

^[oa)x[o,i) 

The prequantization map is given by 

^ - 2^ (S (I - --•^*) - Is) • ^ --<-^'- 

In the iV = 1 case (the one considered in Ref. 2 and Ref. 10), this representation 
can also be realized on i-^(R), via the isomorphism W (defined between the dense 
subsets Pi and 5(M), the Schwartz space) given by 

+ 00 

{W^P){x,y)^ J2 ^-(2; + fc) e-2"fcy (8) 

k— — oo 
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{W-^(f>){x)= [ dycl>{x,y), ^ eTi, ^jj € S{R) (9) 

Under this transformation the operators —2'nix) and ^ go over to the operators 
—2iTix and respectively. 

For the N = 1 case, Gotay considers the most natural basic set of functions 
which globally separates points, namely the set 

{sin(27ra;), cos(27ra;), sin(27r?/), cos(27ry)} (10) 

and then show that it is irreducibly represented. One is, thus, faced with a full 
quantization of the torus, by Gotay et al. criteria. This situation is presented as a 
genuine "go theorem" , and used in Ref. 2 to help formulating the hypothesis of a 
possible general "no-go theorem" . 

We believe, however, that this representation of the Poisson algebra of the torus 
cannot be considered a physically meaningful quantization of the torus. Consider, 
for instance, the quantum operators representing functions depending on x only, in 
the L^(R) representation: 

{r^if)^){x)=(^f{x)-x-^fix)^^{x). (11) 

The form of the operators clearly shows that they are unbounded, having as spec- 
trum the whole real line. This drastic enlargement of the spectrum of classically 
bounded observables has, of course, dramatic consequences: for instance, the quan- 
tum measurement of the mean value of sin(27rx) (or sin^(27r.x)) can produce any real 
value. The operator (T'j (sin(27ra;))) is positive of course, although not bounded, 
but the quantum observable 'Pj (sin^(27rx)) is neither. This is an example of a 
general fact, which is the disappearance at the quantum level of relations among 
pairs of commuting classical observables f{x), g{x). In particular, for the above 
mentioned operators one gets: 

(Pi(sin(27ra;)))^ -Pi(sin2(27rx)) = 4773;^ cos2(27ra;) , (12) 

where it is clear that the multiplicative operator appearing in the right hand side 
does not correspond to the quantization of any observable on the torus. If this 
representation were to be physically realizable, one could not infer the observable 
values of (sin^(27ra;)) just by measuring ■Pj(sin(27ra;)). 

Among the broken classical relations one finds also the trigonometric one, which 
appears strongly violated at the quantum level: 

(P,(sin(27ra;)))^ + (P,(cos(27ra;)))^ = 1 + Att^x"^ , (13) 

where the unobservable operator x again appears. Therefore, and although no new 
local degrees of freedom entered the quantum theory, we find no traces of the global 
aspects of the phase space one has begun with. 
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3. Discussion 

It is clear from the unboundedness of the spectrum of the quantum operators men- 
tioned in Sec. 2 and the related violation of the trigonometric relation that informa- 
tion about the global topology of the phase space was lost. This representation 
effectively "decompactifies" the phase space. This "decompactification" accounts 
for the infinite dimensionality of the Hilbert space, which goes against the physical 
expectation of having only a finite number of independent quantum states associ- 
ated with a compact phase space. 

In our opinion, this example shows that irreducibility by itself does not guaran- 
tee, in a general symplectic manifold, that one gets a physically acceptable quantum 
theory. In globally non-trivial cases functional relations among basic observables ap- 
pear as essential, since they carry information about the global topology of the phase 
space. In the present case of the torus we showed that crucial global topological 
information was indeed lost in the quantization process, although the irreducibility 
requirement was satisfied. 

It is worth mentioning that the Dirac-like approach based on the strict "Poisson 
bracket goes to commutator" rule does not look appropriate in the torus case. 
Contrary to other known cases, e.g. cotangent bundles and 5*^, the Poisson algebra 
of the torus does not seem to admit subalgebras that separate points (and contains 
the constant function 1) , other than C°°(T^) itself (and dense subalgebras, e.g the 
one generated by the basic set ( p^ ) and the constant function 1, which is made of 
functions having a finite Fourier decomposition). In p articular, it is known that 
no such finite-dimensional subalgebra can be foundO Thus, regarding question 
(a) in the introduction, it seems that for one is bound to impose the Dirac 
quantum condition on the whole Poisson algebra, like Gotay et al. did. But it was 
recently proved that no non-trivial finite-dimensional Lie representation of C°°{M) 
can be found, for any connected compact symplectic manifold A^.Ej Also, it is an 
established fact that for compact M. every non-trivial prequantization of C°°(A^) 
in a infinite dimensional space includes unbounded operators.Ej Thus, it seems 
that, just like in Gotay's proposal, every conceivable Dirac-like quantization of the 
torus will produce unbounded operators, thus leading to problems like the ones we 
discussed. 

On the other hand it is known that a sequence of finite-dimensional Lie algebras 
g{N) exists, such that, in the N ^ oo limit a representation of the Poisson algebra 
C°°(T^) is approached. Thus, although no g{N) is a representation of C°°{T'^) 
(they are iri_faiit_reDresentations of a deformed algebra), the correct classical limit 
is achieved. til'tSllSO 
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